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1. THE BORSUK-ULAM THEOREM
K. Borsuk Borsuk-Ulam .
Borsuk-Ulam . (BU1): $f$ : $S^{\prime\iota}arrow \mathbb{R}^{r\iota}$ , $f(-x)=$
$f(x)$ $x\in S^{7l}$. .
,
( $(BU1)$ ) (BU2), (BU3) .
. 2 $C_{2}$,
. ,
(BU2): $C_{2}^{\gamma}\ovalbox{\tt\small REJECT}$ $f$ : $S^{?ll}\cdotarrow S^{n}$ $m\leq r\iota$ .




1.1 (Inod $p$ version). $C_{p}$ $S_{:}^{rr\prime}S’’$
. $C_{p}$ $f$ : $S^{r\prime\prime}arrow S^{\tau\iota}$ $m\leq n$ .
, .
2000 Mathematics Subject Classification. $57S17,55M20$ .
This work was $pa\iota^{-}ti_{i1}.11y$ supported by Grant-in-Aid for $S^{\backslash }c\cdot ie||\mathfrak{t}ihc$ Research for $b^{\tau}cieritific$ Re-
search ((C) No. 17540075), Japan Society for the Prornotiou of Seicuce.
1540 2007 172-179 172
12. $C_{p}$ $Lgn$ . $C_{p}$ $h:S^{n}arrow S^{n}$
, deg $h\equiv 1$ mod $p$ . deg $h\neq 0$ .
Borsuk-Ulam ,
. $|5$] $|6$] Borsuk-Ulam 0(k)
$(C_{p})^{k}$ Stiefel .
, , Borsuk-Ulam .
, $C_{n}=\langle\sigma\rangle\subset \mathbb{C},$ $\sigma=e^{\backslash }xp(2\pi\sqrt{-1}/n)$ , $T_{k}(=\mathbb{C})$ $\sigma\cdot z=\sigma^{A}z$
. , .
13. $p,$ $q$ , $n=pq$ . $m\geq 1$ .
$C_{pq}^{\gamma}$ ) : $1bT_{1}^{\oplus m}arrow S(T_{p}\oplus T_{q})$ .
. , deg $h=0$




, $G$ . , $G$ $f$ : $S^{m}arrow S^{n}$
$m\leq 7l$ .






(1) $G$ . , $\infty$
$\varphi_{G}$ ; $Narrow N$ , $V^{G}=W^{G}=\{0\}$ $V,$ $W$
, $G$ $SVarrow SW$ $\phi_{G}(\dim 1^{\gamma})\leq\dim t\prime V$ .
(2) $G$ , $c)_{(;}$ .
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. 1.4 , $C_{\tau}=(C_{p})^{k}$ , $\phi_{G}$ .







(1) $\Sigma$ $G$ , $H$
, $\Sigma^{H}$ $\emptyset$ .
(2) $\Sigma$ , $V$ , dim $\Sigma^{H}=\dim SV^{H}(\forall H)$
.
2. $BoRSUK$-ULAM
$G$ $f$ : $Xarrow Y$ $G$ (isovariant) , $f$ $G$
, : $G_{J\langle\sim\prime r)}=G_{x}(\forall x\in X)$ . A. G. Wasserman
Borsuk-Ulam , .
2.1 ( Borsuk-Ulanl ). $G$ .
$V,$ $W$ $G$ $f$ : $Varrow W$
$di_{II1}V-di_{I1}V^{G}\leq\dim W^{t}-\dim W^{f^{\vee\zeta_{\nu}}}$
.
. $G$ $IB$ , $V$ $I,1$. $G$
$(1^{\gamma}, W)$ ,





2.1 IB . [11]
IB . , $A_{i}$ .
$i=5,$ $\ldots,$ $11$ IB . , .
, Borsuk-Ulam .
2.2 ( $BoI^{\cdot}suk$-Ulanl [7]). $G$ $\vdash$ . .
, $\infty$ $\varphi$ : $Narrow N$ , $V,$ $W$
, $G$ $SVarrow SW$
$\varphi$ ( $\dim V$ –dim $V^{G}$ ) $\leq\dim\dagger\cdot V$ –dim $W^{G}$
.
, Bartsch , ,
. , $G$
, $\varphi$ : $Narrow N$ ([7]).
, Borsuk-Ulam
.
3. $BoRSI^{T}K- U\tau JAM$
, $G$ . $V,$ $W$ $G$ , $f^{\sim}Varrow W$ $G$
. $H\triangleleft K$ $G$ , $H$ $H$
$K/H$ $f^{H}$ : $V^{H}arrow?t^{rH}$ . $K/H$
2.1 , $(C_{V_{:}W}’)$ .
$(C_{V.W})$ : dim $V^{H}$ –dilIt $V^{K}\leq\dim W^{H}$ –dim $\nu f^{rK}$, for any pair $H\triangleleft K\leq G$ .
$(V, W)$ .
$(I_{V,W})$ :Iso $V\subset I_{St)}1f^{r}$ ,
Iso $V$ , $V$ .
. $G$ B , $(C_{1^{:},W})_{:}(I_{V_{1}W})$








31([9]). $p,$ $q,$ $r$ . IB $:$ .
(1) $p$
(2) $C_{p^{m}q^{n}}(s\geq 1, t\geq 1)$ ,
(3) $C_{pqr}$ .
3.2. $G$ IB , $V$ $W$ $G$
$V\oplus U$ $W\oplus U$ $G$ .
, .
3.1. : ,) .
.
, , $G$ .
$C_{?}$. $=\langle\sigma\rangle)\sigma=r^{\backslash }\prime xp(2\pi\sqrt{-1}/n)$ . $C_{r1}$ $T_{k}$. $(=\mathbb{C})$ $\sigma\cdot z=\sigma^{k}z$
$(k, 7\iota)=1$
. $(i, n)=(j, n)=1$ . $ik\equiv 1$ mod $n$ $k$ ,
$f$ : $T_{i}arrow T_{j}$ $f(z)=z^{kj}$ . $f$ .
$G$ $V$ $C_{?1}$ . , $G_{\iota}=G/kerV$ .
.
3.3. $V,$ $W$ $G$ , $G$ $f$ : $Varrow W$
.
$V=U_{1\backslash }(|)\cdots(\{)U_{r}$ $V$ . $\mathcal{K}(V)$
. $V(K)=\oplus_{i:KeI}\cdot v_{1}=\kappa^{V_{i}}$ $V=\oplus_{K\in \mathcal{K}(V)}1^{\gamma}(K)$ .
3.4. dim $V(K)\leq\dim\nu\iota^{7}’(h^{=})$ $f$ : $V(K)arrow\dagger,V(K)$ .
$P$
$G$ , ( $\cdot\nu${ , $K\in \mathcal{K}(V)\backslash \{G\}$ , dim $V(K)\leq$
dim $W(K)$ $f$ : $Varrow l,t/’$ .
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3.2. : $C_{\gamma^{s_{(j}1}}$, . , dim $V(K)\leq$ dim $\mathfrak{i}V(K)$
. $G=C_{pq},$ $V=T_{1}$ and $\nu\iota,‘=T_{p}\oplus T_{q}$ dim $V(1)=$
$1>\dim W(1)=0$ . $T_{1}$ $T_{p}\oplus T_{q}$ .
$f(z)=(z^{p}, z^{q})$ $f$ .
, $C_{pq}$ . 3.3 , $V(C_{pq})=W(C_{pq})=0$
. ,
$V=a_{1}T_{1}+a_{p}T_{p}+a_{q}T_{q}$ , $M\cdot=b_{1}T_{1}+b_{\rho}T_{t},$ $+b_{q}T_{q}$ .
. $(C_{v.w})$ , $a_{l}\leq b_{l:}r\backslash 11da_{1}+(\iota_{t}\leq b_{1}+b_{t},$ $l=P,$ $q$
. $a,$. $=0$ $V=a_{1}T_{1}$ . $a_{1}\leq b_{1}$
$f$ : $V=a_{1}T_{1}arrow b_{1}T_{1}\subset\dagger:|^{r}$ h\ .
$a_{\iota}>b_{1}$
$f$ : $(a_{1}-b_{1})T_{1}arrow(a_{1}-b_{1})T_{p}\oplus(a_{1}-b_{1})T_{q}\subset b_{p}T_{\rho}\oplus b_{f|}T_{q}$ ,




3.5. $G=C_{n},$ $n=p^{s}q^{t}$ . $(m_{1,.-\sim}, 7n_{k-1} ; n_{1\cdot\cdot\sim}. , 7l_{k})$
: $?t_{i}/?n_{t}$ $P$ , $n_{i+1}/m_{i}$ $q$ 7 $i=1,2,$ $\ldots,$ $k-1$ .
, :
$f$ : $T_{r\prime\prime_{I}}^{\mathfrak{Q}}\cdots\oplus T_{\prime\iota_{k- 1}},arrow T_{rl_{1}}\oplus\cdots\oplus T_{71}.k$ ’
$4^{\cdot}(z_{1}, \ldots,z_{k-1})=(,$ $\sim?$ }$l_{1}\text{ _{}\gamma\prime I.2},,k-2k-1$$m_{k- 2\sim^{71}}.-\prime\prime 1$
.
3.3. $C_{pqr}$ . .
36. $C_{pqr}$
$f$ : $T_{p}\oplus T_{q}\oplus T_{r}arrow T_{1}\oplus T_{pq}\oplus T_{\Psi}\oplus T_{rp}$
.
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4.1. 2 $D_{p’}$ ( $p$ :prime) IB .
, $D_{n}$ .
$D_{n}=\langle a,b|a^{n}=b^{2}=1,bab^{-1}=a^{-1}\rangle$
. . $S_{k}=\mathbb{C}$ $(=\mathbb{R}^{2})$ , $1\leq k<n/2$
. $S_{k}$ $a\cdot\sim=\sigma^{k}z,$ $b\cdot z=\overline{z},$ $z\in \mathbb{C},$ $\sigma\cdot z=\sigma^{k_{\sim}}$. .
$6_{k}^{\backslash }$ 2 . 1 , $n$
2 1 Uo., $U_{1}$ . $lI_{0}$ $U_{1}(=\mathbb{R})$
$a\cdot x=x,$ $b\cdot x=-x,$ $x\in \mathbb{R}$ .
$”\cdot\iota$ h\sim , $l.f_{0}a\iota\perp(1r\prime_{1}$ , 2 1 $U_{2},$ $U_{S}$ .
$a,$ $\cdot\prime x=-.\iota\cdot,$
$b\cdot\backslash \iota\cdot=x$ $a\cdot\prime x=-x,$ $b\cdot x=-x$ .
$D_{n/2}=\langle a^{n/2}, b\rangle)D_{\mathfrak{n}./2}’=\langle\iota^{n/2}, ab\rangle$
ker $S_{k}=C_{(k,\tau’)}$ , ker $\iota;_{1}=C_{n}$ , ker $U_{2}=D_{r1./2:}kerU_{3}=D_{n/2}’$
.
42. $(i, n)=(j\backslash n).$, n=ps . $G$ $S_{i}arrow S_{k}$ .
. $S_{i},$ $S_{j}$ $D_{n}/C_{(k,n)}=D_{\frac{\eta}{(A_{:},\iota.)}}$ , $(i_{:}n)=(j, n)=$
$1$ . , $f$ : $S_{i}arrow S_{j},$ $z\vdasharrow z^{kj}$ $O_{n}$ . , $k$
$rk\equiv 1$ mod $n$ . $\square$
$P$ , $V(K)$ $K$ .
:
$V=\oplus_{i|n.d\neq?’..,,./2}1^{\Gamma}(C_{d}’)\oplus V(C_{n})(\oplus V(D_{n/2})\oplus V(D_{ll/2}’))$ ,
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$W=\oplus d\}\Gamma l,;\neq n.n/’2i\cdot V(C_{d})\oplus W(C_{n})(\oplus?V(D_{n/2})\oplus W(D_{n/2}’))$.
, 4.2 $f$ : $Varrow \mathcal{W}^{r}$ .
4.3. $G=D_{p^{s}}$ . $(Cv,w)$ .
$\bullet$
$P$ , dimm $V(C_{p^{I}})\leq\dim W(C_{p^{i}})$ for $0\leq\dot{?.}\leq s$ .
$\bullet$ $p=2$ , dim $V(C_{2}:)\leq$ dim $W(C_{2^{i}})$ for $0\leq i\leq s-2,$ $i$ ; $s$ ,
dim $V(D_{\iota/2})\leq di_{l}nW(D_{n./2})$ , dim $V(D_{n/2}’)\leq\dim W(D_{n/2}’)$ .
. $P$ , $C_{p}:,$ $C_{P^{*+1}}\cdot,0\leq i\leq s-1$ .
$(C\nu\cdot,w)$ ,
dim $\iota_{p^{i}}^{r(}\backslash -$ dim $V^{C_{\rho^{1+1}}}\leq$ dim $M^{\gamma G_{\rho^{i}}}-$ dim $W^{\zeta!_{p^{\iota+1}}}$ .
$r$




. $(_{n}^{v}\ovalbox{\tt\small REJECT}$ IB $l)_{n}$ IB .
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